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Abstract
We present a generalization of the so-called Maxwellian extended Bargmann algebra by con-
sidering a non-relativistic limit to a generalized Maxwell algebra defined in three spacetime
dimensions. The non-relativistic Chern-Simons gravity theory based on this new algebra is also
constructed and discussed. We point out that the extended Bargmann and its Maxwellian gen-
eralization are particular sub-cases of the generalized Maxwellian extended Bargmann gravity
introduced here. The extension of our results using the semigroup expansion method is also
discussed.
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1 Introduction
There has been a growing interest in exploring non-relativistic (NR) gravity theories [1–28].
In three spacetime dimensions, gravity models can be formulated using the Chern-Simons (CS)
formalism [29–31] offering a simpler framework to construct non-relativistic gravity actions. Fur-
thermore, three-dimensional CS gravity theories can be seen as interesting toy models to approach
higher-dimensional theories.
The construction of a proper finite NR CS action without degeneracy may require to enlarge
the field content of the relativistic theory [32–34]. In the case of three-dimensional Einstein gravity
without cosmological constant, it is necessary to consider two additional U (1) gauge fields in order
to define a consistent NR limit leading to the so-called extended Bargmann gravity [35, 36]. The
incorporation of a cosmological constant modifies the theory to the so-called extended Newton-
Hooke gravity [37–43]. More recently, a NR version of a three-dimensional gravity theory coupled
to electromagnetism has been presented in [44] describing what they called as Maxwellian extended
Bargmann (MEB) gravity. Such NR theory requires to introduce three extra U (1) gauge fields to
the Maxwell algebra.
The Maxwell algebra has been introduced in [45–47] in order to describe a Minkowski space in
the presence of a electromagnetic field background. In three spacetime dimensions, a CS gravity
action without cosmological constant invariant under the Maxwell algebra has been presented
in [48–50] whose general solution and asymptotic structure have been studied in [51]. More recently,
an isomorphic (dual) version of the Maxwell algebra denoted as Hietarinta-Maxwell algebra has
been of particular interest for exploring spontaneous breaking of symmetry [52,53].
A generalization of the Maxwell algebra has been introduced in [54, 55] and has been denoted
as B5 algebra. This generalization is characterized by the presence of an additional generator with
respect to the Maxwell algebra. Interestingly, the aforesaid algebra belongs to a larger family of
algebras denoted as Bk where B4 and B3 are the Maxwell and Poincare´ algebras, respectively.
Such family has been useful to recover standard General Relativity without cosmological constant
from a CS and Born-Infeld gravity theory [55–58]. Subsequently, the coupling of spin-3 gauge field
to Bk CS gravity models in three spacetime dimensions has been explored in [59].
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It is natural to address the question whether such generalized Maxwell algebra admits a well-
defined NR version in three spacetime dimensions. Here we show that the relativistic theory has
to be enlarged with four U (1) gauge fields in order to apply an Ino¨nu¨-Wigner (IW) contraction
[60,61] leading to a non-degenerate and finite NR CS gravity theory. The new symmetry obtained
corresponds to a generalization of the MEB algebra and has been called GMEB algebra.
An alternative way to find the GMEB symmetry is also discused considering the semigroup
expansion method (S-expansion) [62–66] and following the procedure used in [67]. As was shown
in [67], a generalized family of NR algebras, that we have denoted as generalized extended Bargmann
algebra, can be obtained using the S-expansion procedure. In particular, we show that the extended
Bargmann, the MEB and the GMEB algebras are particular sub-cases of this family of NR algebras.
The expansion procedure considered here can be seen as a general method allowing to classify diverse
NR symmetries by providing the proper NR limit and the additional gauge fields required in the
relativistic theory. Interestingly, the S-expansion method provides not only with the commutation
relations of the new NR algebras but also with the non-vanishing components of the invariant
tensors which are essential to the construction of NR CS actions.
The paper is organized as follows: in Section 2, we give a brief review of the generalized Maxwell
algebra. The corresponding relativistic CS action and its U (1) enlargement are also presented.
Sections 3 and 4 contain our main results. In particular, in Section 3 we present the contraction
process leading to the GMEB gravity theory. The family of NR algebras obtained through the
semigroup expansion procedure is presented in section 4. Section 5 concludes our work with some
discussion about possible future developments.
2 Relativistic gravity and generalized Maxwell algebra
In this section we briefly review the generalized Maxwell algebra and present the construction
of a three-dimensional CS gravity action invariant under such algebra.
A generalization of the Maxwell algebra has been first introduced as the B5 algebra in [54,55].
It is characterized by the presence of the spacetime rotations JA, the spacetime translations PA, the
so-called Maxwell gravitational generator ZA and a new type of generator that we have denoted
as NA. The generators of the generalized Maxwell algebra satisfy the following non-vanishing
commutation relations:
[JA, JB ] = ǫABCJ
C , [PA, PB ] = ǫABCZ
C ,
[JA, PB ] = ǫABCP
C , [JA, NB ] = ǫABCN
C , (2.1)
[JA, ZB ] = ǫABCZ
C , [ZA, PB ] = ǫABCN
C ,
where A,B,C = 0, 1, 2 are the Lorentz indices which are raised and lowered with the Minkowski
metric. Here ǫABC corresponds to the Levi Civita tensor which satisfies ǫ012 = −ǫ
012 = 1. It is
interesting to point out that the commutator [Pa, Pb] is proportional to the Maxwell gravitational
generator ZA as in the Maxwell algebra. Nevertheless, the commutator [ZA, PB ] is no longer zero
due to the presence of the new generator NA. Furthermore, unlike the AdS-Lorentz algebra [68–70],
this generalization is not a deformation of the Maxwell algebra and then does not reproduce the
Maxwell symmetry through a contraction process.
Although this algebra and its generalizations have been explored with diverse applications, a
three-dimensional CS gravity action based on this generalization of the Maxwell algebra has not
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been explicitly presented. A CS action in three spacetime dimensions reads
I [A] =
∫
〈AdA +
2
3
A3〉 , (2.2)
where 〈· · · 〉 denotes the invariant trace and A = AaTa corresponds to the gauge connection one-
form. In our case, the connection one-form A is given by
A =WAJA +E
APA +K
AZA + U
ANA , (2.3)
where WA is the spin connection one-form, EA is the vielbein, KA is the so-called gravitational
Maxwell gauge field and UA is the new gauge field along the Abelian generator NA. The respective
curvature two form F = dA+ 12 [A,A] reads
F = RA(W )JA +R
A(E)PA +R
A(K)ZA +R
A (U)NA , (2.4)
where the Lorentz curvature RA (W ), the torsion RA (E) and the curvatures along the generators
ZA and NA are respectively given by
RA(W ) := dWA −
1
2
ǫABCWBWC ,
RA(E) := DWE
A ,
RA(K) := DWK
A −
1
2
ǫABCEBEC , (2.5)
RA (U) := DWU
A − ǫABCKBEC .
Here DWΘ
A := dΘA − ǫABCWBΘC is the usual Lorentz covariant derivative.
In order to construct the relativistic CS gravity action invariant under the algebra (2.1) we shall
consider the most general non-vanishing components of the invariant tensor [55]
〈JAJB〉 = α0 ηAB , 〈PAPB〉 = α2 ηAB ,
〈JAPB〉 = α1 ηAB , 〈JANB〉 = α3 ηAB , (2.6)
〈JAZB〉 = α2 ηAB , 〈ZAPB〉 = α3 ηAB ,
where α0, α1, α2 and α3 are arbitrary constants. Then, considering the gauge connection one-form
(2.3) and the invariant tensor (2.6) in the general form of a CS action (2.2), one gets
IR =
∫ [
α0
(
WAdWA +
1
3
ǫABCW
AWBWC
)
+ 2α1E
ARA(W )
+α2
(
2KARA (W ) + E
ARA (E)
)
+α3
(
2UARA (W ) + 2E
ADWK
A +
1
3
ǫABCEAEBEC
)]
. (2.7)
One can see that such relativistic CS action contains four independent sectors proportional to α0,
α1, α2 and α4. In particular, the term proportional to α0 corresponds to the so-called exotic
Einstein action [30]. The term along α1 is the usual Einstein-Hilbert term and corresponds to the
CS action based on the Poincare´ symmetry. On the other hand, the Maxwellian gravitational gauge
3
field has contribution in the Maxwell CS action proportional to α2 [44, 48–51, 71, 72] and to the
new term α3. The new gauge field U
A appears only along the α3 term together to the cosmological
constant term. Let us note that each sector is invariant under the generalized Maxwell algebra
(2.1). Indeed, one can show that the CS action (2.7) is invariant under the following infinitesimal
gauge transformations:
δΛW
A = DW ρ
A ,
δΛE
A = DW ε
A − ǫABCEBρC ,
δΛK
A = DW γ
A − ǫABC (EBεC − ρBKC) , (2.8)
δΛU
A = DW ν
A − ǫABC (EBγC − ρBUC) ,
where Λ = ρAJA + ε
APA + γ
AZA + ν
ANA is the gauge parameter.
The field equations coming from (2.7) read
δWA : 0 = α0RA(W ) + α1RA (E) + α2
(
DWKA −
1
2
ǫABCE
BEC
)
+α3
(
DWUA − ǫABCK
BEC
)
,
δEA : 0 = α1RA(W ) + α2RA (E) + α3
(
DWKA −
1
2
ǫABCE
BEC
)
, (2.9)
δKA : 0 = α2RA(W ) + α3RA (E) ,
δUA : 0 = α3RA(W ) .
which imply the vanishing of every curvature when α3 6= 0.
The study of a NR limit, as in the Maxwell and Poincare´ cases, requires to introduce U (1)
gauge fields in order to avoid infinities and cancel divergences. Such enlargement will allow to
define a proper NR limit whose NR algebra will admit non-degenerate bilinear form.
2.1 U(1) enlargements
Let us now consider a particular U (1) enlargement of the generalized Maxwell algebra by adding
four extra U (1) one-form gauge fields to the field content as
A =WAJA + E
APA +K
AZA + U
ANA +MY1 + SY2 + TY3 + V Y4 . (2.10)
The new relativistic algebra, [generalized Maxwell]⊕u (1)4 algebra, admits the non-vanishing com-
ponents of the invariant tensor (2.6) along with
〈Y2Y2〉 = α0 ,
〈Y1Y2〉 = α1 ,
〈Y2Y3〉 = 〈Y1Y1〉 = α2 , (2.11)
〈Y2Y4〉 = 〈Y1Y3〉 = α3 .
Considering the gauge connection one-form (2.10) and the invariant tensor given by (2.6) and
(2.11) in the general expression of the CS action (2.2), we find the following relativistic CS gravity
4
action
IR =
∫ [
α0
(
WAdWA +
1
3
ǫABCW
AWBWC + SdS
)
+ α1
(
2EARA(W ) + 2MdS
)
+α2
(
2KARA (W ) + E
ARA (E) +MdM + 2SdT
)
(2.12)
+α3
(
2UARA (W ) + 2E
ADWK
A +
1
3
ǫABCEAEBEC + 2SdV + 2MdT
)]
.
In the next section, we shall see that the presence of these abelian gauge fields are essential to
obtain, after a contraction procedure, a well-defined NR version of the generalized Maxwell algebra
without degeneracy. Furthermore, we will show that there is a relation between the number of
U (1) generators required in the relativistic theory and the number of elements of the semigroup
involved in the semigroup expansion method.
3 Non-relativistic generalized Maxwell Chern-Simons gravity
In this section, we shall consider the IW contraction of the previously introduced relativistic
algebra, and we will obtain a NR version of the [generalized Maxwell]⊕u (1)4 algebra. Then, we will
consider the construction of a NR CS action based on the aforesaid NR algebra. For this purpose,
we will provide with the non-vanishing components of the invariant tensor, which are derived as an
IW contraction from the relativistic invariant tensor (2.6).
3.1 Generalized Maxwellian exotic Bargmann algebra
In the previous section, we have presented an U (1) enlargement of the relativistic gener-
alized Maxwell algebra. Here, we will obtain the NR version of this algebra. To this aim,
we will introduce a dimensionless parameter ξ, and we will express the relativistic generators
{J0, Ja, P0, Pa, Z0, Za, N0, Na, Y1, Y2, Y3, Y4} as a linear combination of new generators involving
the ξ parameter.
As in refs. [44, 73], we define the IW contraction process through the identification of the
relativistic generators defining the [generalized Maxwell]⊕u(1)4 algebra, with the NR generators
(denoted with a tilde) as
J0 =
J˜
2
+ ξ2S˜ , Ja = ξG˜a , Y2 =
J˜
2
− ξ2S˜ ,
P0 =
H˜
2ξ
+ ξM˜ , Pa = P˜a , Y1 =
H˜
2ξ
− ξM˜ , (3.1)
Z0 =
Z˜
2ξ2
+ T˜ , Za =
Z˜a
ξ
, Y3 =
Z˜
2ξ2
− T˜ ,
N0 =
N˜
2ξ3
+
V˜
ξ
, Na =
N˜a
ξ2
, Y4 =
N˜
2ξ3
−
V˜
ξ
.
Considering this redefinition and applying the limit ξ → ∞, the contraction of the [generalized
Maxwell]⊕u (1)4 algebra leads to a new NR algebra. In particular, the NR generators satisfy the
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following commutation relations,
[
J˜ , G˜a
]
= ǫabG˜b ,
[
G˜a, G˜b
]
= −ǫabS˜ ,
[
H˜, G˜a
]
= ǫabP˜b ,[
J˜ , P˜a
]
= ǫabP˜b ,
[
G˜a, P˜b
]
= −ǫabM˜ ,
[
H˜, P˜a
]
= ǫabZ˜b ,
,
[
J˜ , Z˜a
]
= ǫabZ˜b ,
[
P˜a, P˜b
]
= −ǫabT˜ ,
[
H˜, Z˜a
]
= ǫabN˜b , (3.2)[
Z˜, G˜a
]
= ǫabZ˜b ,
[
G˜a, Z˜b
]
= −ǫabT˜ ,
[
Z˜, P˜a
]
= ǫabN˜b ,[
J˜ , N˜a
]
= ǫabN˜b ,
[
P˜a, Z˜b
]
= −ǫabV˜ ,
[
N˜ , G˜a
]
= ǫabN˜b ,[
G˜a, N˜b
]
= −ǫabV˜ ,
where we have defined ǫab ≡ ǫ0ab, ǫ
ab ≡ ǫ0ab, while a = 1, 2. This is a novel NR algebra which
we shall call as generalized Maxwellian extended Bargmann (GMEB) algebra. From (3.2) we can
see that it contains four central extensions given by M˜ , S˜, T˜ and V˜ , which are related to the four
extra U (1) generators. Let us note that the extended Bargmann algebra [35,36] can be recoverred
by setting Z˜ = Z˜a = T˜ = N˜ = N˜a = V˜ = 0. On the other hand, if we set N˜ = N˜a = V˜ = 0,
the Maxwellian Extended Bargmann algebra is obtained [44]. As we shall see, the presence of the
central charges assures to have non-degenerate invariant bilinear form.
3.2 Non-relativistic generalized Maxwell Chern-Simons action
In order to construct a CS action for the GMEB algebra we need the NR invariant tensor. The
diverse components can be obtained from the contraction (3.1) of the relativistic invariant tensor
(2.6). The non-vanishing components of a non-degenerate invariant tensor for the GMEB algebra
are given by
〈
J˜ S˜
〉
= −α˜0 ,〈
G˜aG˜b
〉
= α˜0δab ,〈
G˜aP˜b
〉
= α˜1δab ,〈
H˜S˜
〉
=
〈
M˜J˜
〉
= −α˜1 ,〈
P˜aP˜b
〉
=
〈
G˜aZ˜b
〉
= α˜2δab , (3.3)〈
J˜ T˜
〉
=
〈
H˜M˜
〉
=
〈
S˜Z˜
〉
= −α˜2 ,〈
G˜aN˜b
〉
=
〈
P˜aZ˜b
〉
= α˜3δab ,〈
J˜ V˜
〉
=
〈
H˜T˜
〉
=
〈
M˜Z˜
〉
=
〈
S˜N˜
〉
= −α˜3 ,
where the relativistic parameters α’s have been rescaled as
α0 = α˜0ξ
2 , α1 = α˜1ξ , α2 = α˜2 , α3 = α˜3ξ
−1. (3.4)
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As in [44,73], such rescaling is done in order to have a finite NR CS action. Now we are ready to
construct the aforesaid CS action. The NR one-form gauge connection A˜ reads
A˜ = τH˜ + eaP˜a + ωJ˜ + ω
aG˜a + kZ˜ + k
aZ˜a + fN˜
+faN˜a +mM˜ + sS˜ + tT˜ + vV˜ . (3.5)
The corresponding NR curvature two-form is then written as
F˜ = R(τ)H˜ +Ra(eb)P˜a +R(ω)J˜ +R
a(ωb)G˜a +R(k)Z˜ +R
a(kb)Z˜a
+R (f) N˜ +Ra
(
f b
)
N˜a +R(m)M˜ +R(s)S˜ +R(t)T˜ +R (v) V˜ , (3.6)
where
R(τ) = dτ ,
Ra(eb) = dea + ǫacωec + ǫ
acτωc ,
R(ω) = dω ,
Ra(ωb) = dωa + ǫacωωc ,
R(k) = dk ,
Ra(kb) = dka + ǫacωkc + ǫ
acτec + ǫ
ackωc , (3.7)
Ra
(
f b
)
= dfa + ǫacωfc + ǫ
acτkc + ǫ
ackec + ǫ
acfωc ,
R (f) = df ,
R(m) = dm+ ǫaceaωc ,
R(s) = ds+
1
2
ǫacωaωc ,
R(t) = dt+ ǫacωakc +
1
2
ǫaceaec ,
R (v) = dv + ǫacωafc + ǫ
aceakc .
The NR CS action invariant under the GMEB algebra can be computed by replacing the NR one-
form connection (3.5) and the invariant tensor (3.3) in the general expression for the CS action in
three spacetime (2.2), or by taking the NR limit directly in (2.12). In both cases, the resulting NR
CS action is given by
INR =
∫
α˜0
[
ωaR
a(ωb)− 2sR (ω)
]
+ α˜1
[
2eaR
a(ωb)− 2mR(ω)− 2τR(s)
]
+α˜2
[
eaR
a
(
eb
)
+ kaR
a
(
ωb
)
+ ωaR
a
(
kb
)
− 2sR (k)− 2mR (τ)− 2tR (ω)
]
(3.8)
α˜3
[
ωaR
a
(
f b
)
+ faR
a
(
ωb
)
+ eaR
a
(
kb
)
+ kaR
a
(
eb
)
− 2sR (f)
−2vR (ω)− 2mR (k)− 2tR (τ)] .
From (3.8), we see that it contains four independent sectors, each one of those proportional to
an arbitrary constant α˜i. The first term corresponds to the NR version of the Exotic gravity [30]
which is denoted as NR exotic gravity. The second term proportional to α˜1 reproduces the extended
Bargmann gravity action [35,36], while the third term is the MEB gravity action introduced in [44].
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The new gauge fields fa, f and v, appear explicitly in the last term proportional to α˜3, which
corresponds to the CS action for the new NR generalized Maxwell algebra. Note that the GMEB
allows to include a cosmological constant term along α˜3.
At the level of the gauge fields one can see that the relativistic gauge fields can be expressed in
terms of the NR ones as follows
W 0 = ω +
s
2ξ2
, W a =
ωa
ξ
, S = ω −
s
2ξ2
,
E0 = ξτ +
m
2ξ
, Ea = ea , M = ξτ −
m
2ξ
, (3.9)
K0 = ξ2k +
t
2
, Ka = ξka , T = ξ2k −
t
2
,
N0 = ξ3f + ξ
v
2
, Na = ξ2fa, V = ξ3f − ξ
v
2
in order to have that A = A˜. Then considering the rescaling of the relativistic parameters as in
(3.4) and considering (3.9) in the relativistic CS action (2.12), we find the NR CS action (3.8) after
applying the limit ξ →∞.
As an ending remark, one could consider, as in the Maxwell case, the inclusion of three gauge
fields in the relativistic generalized Maxwell algebra and then study its NR version. Although a NR
limit of the [generalized Maxwell]⊕u (1)3 gravity theory could be defined, it is possible to show that
the respective NR gravity theory has a degenerate bilinear form. Such feature would imply that
the equations of motion from such NR theory do not determine all the dynamical fields. Then, in
order to have well-defined field equations we need non-degenerate invariant tensor which requires to
consider a CS action based on the [generalized Maxwell]⊕u (1)4 algebra as the relativistic gravity
theory. In particular, we have that the field equations of the GMEB theory are given by the
vanishing of each curvature (3.7).
4 Generalized family of non-relativistic algebras and semigroup
expansion
The expansion of a Lie algebra is a method that consists in finding a new (bigger) Lie algebra
G, following a series of well-defined steps from an original Lie algebra g. This procedure was first
introduced by [74] and later studied in [75, 76]. It basically consists in performing a rescaling by
a real parameter λ of some of the coordinates of the Lie group gi, i = 1, ..., dim g, and then
expanding the Maurer-Cartan (MC) one-forms in powers of the parameter λ. An alternative
expansion method, called as S-expansion, was subsequently introduced in [62]. The S-expansion
procedure consists in obtaining a new Lie algebra G = S × g, by combining the elements of a
semigroup S with the structure constants of a Lie algebra g. This approach is entirely based on
operations performed on the algebra generators, whereas the aforesaid power series expansion is
carried out on the MC one-forms. Another point in which both procedures differ, lies in the fact
that the S-expansion is defined on the Lie algebra g without mentioning the group manifold, while
the power series expansion is based on the rescaling of the group coordinates. Remarkably, the
semigroup expansion method can reproduce the MC forms power series expansion for a particular
choice of the semigroup S. On the other hand, one of the advantage of working with the S-expansion
is that it not only provides the commutation relations of the expanded algebra, but also allows to
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compute the non-vanishing components of the invariant tensor of the expanded algebra in terms of
the invariant tensor for the original algebra.
In this section, following the procedure used in [67, 73], we review a generalized family of NR
algebras by considering the semigroup expansion method. Then, we extend the results obtained
in [67] by showing that the S-expansion not only allows to obtain expanded NR algebras but also
provides with their relativistic versions and the appropriate rescaling of the generators allowing a
proper NR limit.
Here, we consider the Nappi-Witten algebra [77,78] as the original algebra g, which can be seen
as a central extension of the homogeneous part of the Galilei algebra. The Nappi-Witten algebra is
spanned by the set of generators
{
J˜ , G˜a, S˜
}
which satisfy the following non-vanishing commutation
relations,
[
J˜ , G˜a
]
= ǫabG˜b ,[
G˜a, G˜b
]
= −ǫabS˜ , (4.1)
where J˜ are spatial rotations, G˜a are Galilean boosts and S˜ is a central charge. Such algebra can be
obtained as a contraction of an U (1)-enlargement of the Lorentz algebra through the identification
of the [Lorentz]⊕u (1) generators with the Nappi-Witten ones as
J0 =
J˜
2
+ ξ2S˜ , Ja = ξG˜a , Y =
J˜
2
− ξ2S˜ . (4.2)
Then the Nappi-Witten algebra is obtained after applying the limit ξ →∞. One can see that the
non-vanishing components of a non-degenerate invariant tensor of the Nappi-Witten algebra read
〈
J˜ S˜
〉
= −1 ,〈
G˜aG˜b
〉
= δab . (4.3)
In what follows, we shall review the family of NR symmetries obtained as S
(N)
E -expansions of
the Nappi-Witten algebra [67]. We shall denote such family as generalized extended Bargmann
GEB(N) algebra. Interestingly, we will see that the extended Bargmann, the MEB and the GMEB
algebra previously introduced in the previous section are particular cases of the GEB(N) algebra.
Furthermore, we will show that the same semigroup can be used at the relativistic level providing
with the relativistic version of the GEB(N) algebra. Before approaching the family of NR algebras
and their respective NR CS actions, we first show that the GMEB algebra can alternatively be
obtained by expanding the Nappi-Witten algebra.
4.1 Generalized Maxwellian exotic Bargmann gravity from semigroup expan-
sion
Let S
(3)
E = {λ0, λ1, λ2, λ3, λ4} be the relevant semigroup whose elements satisfy the following
multiplication law
λαλβ =
{
λα+β if α+ β < 4 ,
λ4 if α+ β ≥ 4 ,
(4.4)
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being λ4 = 0S the zero element, such that 0Sλα = 0S . An expanded algebra can be obtained
after performing a 0S -reduction to the S
(3)
E -expansion of the Nappi-Witten algebra following the
definitions of [62]. The expanded generators
{
J˜ , G˜a, H˜, P˜a, Z˜, Z˜a, N˜ , N˜a, S˜, M˜ , T˜ , V˜
}
are related
to the Nappi-Witten ones through the semigroup elements as
λ3 N˜ N˜a V˜
λ2 Z˜ Z˜a T˜
λ1 H˜ P˜a M˜
λ0 J˜ G˜a S˜
J˜ G˜a S˜
(4.5)
Let us note that the 0S-reduction condition implies that 0STA = 0, with TA being a generator of
the original algebra. Using the commutation relations of the Nappi-Witten algebra (4.1) and the
multiplication law of the semigroup (4.4), one can show that the expanded generators satisfy the
GMEB algebra (3.2) previously introduced.
Interestingly, the S-expansion procedure can also provide with the non-vanishing components
of the invariant tensor for the expanded algebra. Indeed, considering the Theorem VII of [62], it is
possible to express the invariant tensor of the expanded algebra in terms of the Nappi-Witten ones
(4.3) as 〈
T
(ν)
A T
(µ)
B
〉
S
(3)
E
×g
= αγK
γ
νµ 〈TATB〉g , (4.6)
where T
(ν)
A are the corresponding expanded generators, αγ are arbitrary constants and K
γ
νµ is the
2-selector for S
(3)
E satisfying
K γνµ =
{
1, when γ = ν + µ and ν + µ < 4
0, otherwise.
(4.7)
Then one can see that the non-vanishing components of the invariant tensor for the expanded
algebra are those of the GMEB algebra given by (3.3). Thus, the S
(3)
E -expansion of the Nappi-
Witten algebra provides not only with the commutation relations of the GMEB algebra but also
with its invariant tensor which is the crucial ingredient for the construction of a CS action.
4.2 Generalized Extended Bargmann family
A family of generalized extended Bargmann algebra can be obtained by S-expanding the Nappi-
Witten algebra (4.1) considering S
(N)
E = {λ0, λ1, λ2, . . . , λN,λN+1} as the relevant semigroup [67].
In particular, the elements of the semigroup S
(N)
E satisfy the following multiplication law
λαλβ =
{
λα+β if α+ β < N + 1
λN+1 if α+ β ≥ N + 1
(4.8)
with λN+1 ≡ 0S being the zero element of the semigroup such that 0Sλα = 0S . An expanded algebra
is found by performing a 0S-reduction to the S
(N)
E -expansion of the Nappi-Witten algebra. The
expanded NR algebra is spanned by the set of the generators
{
J˜ (i), G˜
(i)
a , S˜
(i)
}
with i = 0, . . . , N .
Such NR generators are related to the Nappi-Witten ones through the semigroup elements as
J˜ (i) = λiJ˜ , G˜
(i)
a = λiG˜a , S˜
(i) = λiS˜ . (4.9)
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Then, using the multiplication law of the semigroup (4.8) and the original commutators of the
Nappi-Witten algebra (4.1), one can show that the expanded NR algebra satisfy the following
non-vanishing commutation relations[
J˜ (i), G˜(j)a
]
= ǫabG˜
(i+j)
b ,[
G˜(i)a , G˜
(j)
b
]
= −ǫabS˜
(i+j) , (4.10)
for i + j < N + 1 .The expanded NR algebra can be seen as a generalization of the extended
Bargmann algebra and is denoted as GEB(N) algebra.
Interestingly, one can show that the extended Bargmann algebra [35] is obtained for N = 1.
Indeed, we have that the GEB(1) algebra, which is given by[
J˜ (0), G˜(0)a
]
= ǫabG˜
(0)
b ,
[
G˜(0)a , G˜
(0)
b
]
= −ǫabS˜
(0) ,[
J˜ (0), G˜(1)a
]
= ǫabG˜
(1)
b ,
[
G˜(0)a , G˜
(1)
b
]
= −ǫabS˜
(1) , (4.11)[
J˜ (1), G˜(0)a
]
= ǫabG˜
(1)
b ,
corresponds to the extended Bargmann algebra by identifying the generators as
J˜ (0) = J˜ , G˜(0)a = G˜a , S˜
(0) = S˜ ,
J˜ (1) = H˜ , G˜(1)a = P˜a , S˜
(1) = M˜ . (4.12)
On the other hand, for N = 2, one can see that the GEB(2) algebra corresponds to the MEB
algebra introduced in [44], which is given by (4.11) along with[
J˜ (0), G˜(2)a
]
= ǫabG˜
(2)
b ,
[
G˜(0)a , G˜
(2)
b
]
= −ǫabS˜
(2) ,[
J˜ (2), G˜(0)a
]
= ǫabG˜
(2)
b ,
[
G˜(1)a , G˜
(1)
b
]
= −ǫabS˜
(2) , (4.13)[
J˜ (1), G˜(1)a
]
= ǫabG˜
(1)
b ,
where one can consider the identification (4.12) together with
J˜ (2) = Z˜ , G˜(2)a = Z˜a , S˜
(2) = T˜ . (4.14)
The GMEB algebra presented here can also be seen as a particular case of the GEB(N) algebra.
In fact, as we have previously shown, the GMEB algebra appears as a S
(3)
E -expansion of the Nappi-
Witten algebra.
Interestingly, the GEB(N) algebra is the respective NR version of U (1)-enlargements of the
so-called BN+2 algebra introduced in [54,55],
BN+2 ⊕ u (1)
N+1 =


[Poincare´] ⊕ u (1)2
[Maxwell] ⊕ u (1)3
[Gen. Maxwell] ⊕ u (1)4
...
BN+1 ⊕ u (1)
N
BN+2 ⊕ u (1)
N+1
NR limit
−→ GEB(N) =


Extended Bargmann
MEB
GMEB
...
GEB(N−1)
GEB(N)
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Let us note that the Poincare´, Maxwell and generalized Maxwell algebras are the B3, B4 and B5
algebras, respectively. Moreover, analogously to [73], the S
(N)
E semigroup used to obtain the GEB
(N)
algebra is the same used to find the BN+2 algebra from the Lorentz algebra. Such particularity also
appears for infinite-dimensional (super)algebras [79–81] and algebras coupled to spin-3 [59]. It is
interesting to point out that the number of additional U (1) generators appearing in the relativistic
algebra is related to the N + 1 elements of the semigroup S
(N)
E . This is due to the fact that the
BN+2 ⊕ u (1)
N+1 algebra can be recovered as a S
(N)
E -expansion of the [Lorentz]⊕u (1) algebra.
Let us note that the S-expansion procedure can also provides with the proper NR limit (3.1)
leading to the GEB(N) algebra in terms of the contraction process (4.2) allowing to obtain the Nappi-
Witten algebra. As we have previously mentioned, the Nappi-Witten algebra can be found as an
IW contraction of the [Lorentz]⊕u (1) algebra. Interestingly, the identification of the relativistic
generators defining BN+2 ⊕ u (1)
N+1 algebra, with the NR generators (denoted with a tilde) can
be defined as
J
(i)
0 =
J˜ (i)
2ξi
+ ξ2−iS˜(i) , J (i)a = ξ
1−iG˜(i)a , Y
(i) =
J˜ (i)
2
− ξ2−iS˜(i) , (4.15)
with i = 0, 1, . . . , N . Here, the relativistic generators are related to the [Lorentz]⊕u (1) ones through
the elements of S
(N)
E as
J
(i)
0 = λiJ0 , J
(i)
a = λiJa , Y
(i) = λiY . (4.16)
Thus, the semigroup S
(N)
E leads to the proper U (1)-enlargement of the relativistic theory which
leads to a non-degenerate and finite NR gravity theory. One can check that for N = 1, 2, 3 we
recover the contraction process for the extended Bargmann, MEB and GMEB, respectively.
On the other hand, as we have previously noted, an additional advantage of the S-expansion
method is that it provides with the invariant tensors of the expanded algebra which are crucial
for the construction of a CS action. Thus, following Theorem VII of [62], one can show that the
non-vanishing components of the invariant tensor of the GEB(N) algebra is given by〈
J˜ (i)S˜(i)
〉
= −α˜i+j ,〈
G˜(i)a G˜
(j)
b
〉
= α˜i+j δab , (4.17)
for i+ j < N +1. Then the NR CS action based on the GEB(N) algebra expressed in term of the
gauge connection one-form A = ω(i)J˜ (i) + ωa(i)G˜
(i)
a + s(i)S(i) is given by
INR =
∫
α˜i
[
ω(j)a dω
a(k)δij+k + ǫ
acω(j)a ω
(k)ω(l)c δ
i
j+k+l − 2s
(j)dω(k)δij+k
]
, (4.18)
with i = 0, 1, . . . , N . The NR CS gravity action contains i independent sectors each one invariant
under the GEB(N) algebra. In particular, the term proportional to α0 corresponds to the NR exotic
gravity action. The terms proportional to α1 and α2 are the extended Bargmann gravity [35, 36]
and MEB gravity [44] actions, respectively. The NR CS action for the GMEB algebra previously
defined appears along α3. On the other hand, for 3 < i ≤ N , the additional gauge fields related to
J (i), G
(i)
a and S(i) appear explicitly along α˜i, corresponding to the respective NR CS action for the
GEB(i) algebra. Let us notice that a general expression for the CS action based on an expanded
Nappi-Witten algebra for a semigroup S has been presented in [67].
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5 Conclusions
In this paper we have presented a generalization of the Maxwellian extended Bargmann gravity
introduced in [44]. We have explicitly shown that this NR symmetry, that we have denoted as
GMEB, can be obtained as an IW contraction of the [generalized Maxwell]⊕u (1)4 algebra. To
this end, we first presented the CS gravity action invariant under the generalized Maxwell algebra.
Then, we constructed an U(1)-enlargement which is required to have a well-defined NR limit.
Interestingly, the GMEB gravity theory contains the MEB and the extended Bargmann theories
as sub-cases. The GMEB algebra belongs to a generalized family of NR algebras which can be
obtained by expanding the Nappi-Witten algebra [67]. Here, we have shown that the expansion
procedure based on semigroups is a powerful tool in the NR context since it provides not only with
the commutation relations and invariant tensor of the expanded NR algebras, but also with the
respective relativistic algebra required to obtain non-degenerate finite NR gravity theories.
Our results could be useful in the presence of supersymmetry. The construction of proper NR
supergravity models are non-trivial and have only recently been approached. In particular the
respective NR superalgebras have mainly been constructed by hand in three spacetime dimensions
[12,21,25,32,35,43]. The expansion method considered here could not only be used as an alternative
and straightforward way to obtain known and new NR superalgebras but also to construct NR
supergravity actions. Furthermore, it could bring invaluable information about the relativistic
versions and the respective NR limits as in our case. Let us notice that the Lie algebra expansion
method using the Maurer-Cartan equations [75, 76] has also been used in the NR context with
diverse interesting results [82–85].
Let us note that, as was shown in [67], the GEB(N) algebra appears as a IW contraction
of another family of NR algebras denoted as generalized Newton-Hooke. Then, another aspect
that deserved to be explored is the derivation of this generalized Newton-Hooke algebra as an
IW contraction of a family of relativistic algebras. One could conjecture that, similarly to our
results, the semigroup procedure could be useful to elucidate the appropriate U(1)-enlargement of
the relativistic family.
Regarding the relativistic generalized Maxwell gravity theory, it would be interesting to explore
its general solution and asymptotic symmetry. In particular, one could analyze the influence of the
additional gauge field in the vacuum energy and angular momentum, and compare them to those
of General Relativity [86,87] and usual Maxwell theory [51]. One could expect that the asymptotic
structure is given by the infinite-dimensional enhancement of the B5 algebra introduced in [79].
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